Abstract. The purpose of this article is to discuss conjectures on motives, algebraic cycles and K-theory of smooth projective varieties over finite fields.
Introduction
There are three results which allow to deduce properties of the category of motives for numerical equivalence: Deligne's proof of the Weil conjectures, Jannsen's semi-simplicity theorem, and the existence of the Frobenius automorphism π M for motives M . If one further assumes Tate's conjecture, one can give a very precise description of this category (Milne [10] ). For example, simple motives are determined by their Frobenius endomorphism, and one can recover the endomorphism algebra with the Frobenius. Our first result is a partial converse of this. Let π M be the Frobenius endomorphism for a motive M for numerical equivalence (it can be identified with an algebraic number modulo the action of the Galois group of Q). We use this result as a starting point to study K-theory in characteristic p. Theorem 1.2. If Tate's conjecture holds and numerical and rational equivalence over finite fields agree rationally, then for all smooth projective varieties X over F q and a > 0, K a (X) Q = 0 (Parshin's conjecture).
The proof uses Jannsen's semi-simplicity theorem, the characterization of motives via their Frobenius endomorphism and an argument on eigenvalues of Frobenius, which was first used by Soulé [11] . We have to assume that numerical and rational equivalence agree in order for the Adams eigenspaces of K-theory to factor through motives for numerical equivalence.
We prove that Parshin's conjecture implies the following bounds on rational Kgroups in characteristic p, which have been independently conjectured by Beilinson [2] and Kahn [7] . Theorem 1.3. Let k be a field of characteristic p and assume Parshin's conjecture.
The proof uses de Jong's theorem on alterations and an induction argument in the Gersten-Quillen spectral sequence.
Kahn [8] proved the same statement assuming Bass's conjecture (saying that K-groups of schemes of finite type over Z are finitely generated).
Finally, this conjecture has various consequences for K-groups of varieties in characteristic p. The first corollary gives bounds on Adams operators for X a variety of dimension d over a field k of transcendence degree r:
The theorem also implies that the Gersten-Quillen spectral sequence degenerates with split filtration at E 2 , K a (X)
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Motives and Tate's conjecture
In this section we recall the definition of the category of (pure) motives. We derive consequences from Jannsen's theorem that the category of pure motives for numerical equivalence is a semi-simple abelian category. Finally, we recall Tate's conjecture, give some consequences for the category of motives, and give a formulation of Tate's conjecture in terms of motives and their Frobenius endomorphism.
2.1. Motives. Let k be a field and V(k) be the category of smooth projective varieties over k. Fix an adequate equivalence relation ∼ on the group of algebraic cycles tensored with Q, i.e. such that pull-back, push-forward and intersection are always defined modulo the relation. For a variety X and an integer j ≥ 0, let A j ∼ (X) be the group of Q-linear algebraic cycles of codimension j on X modulo ∼. For equidimensional varieties, one can define a composition law
) and extend this to arbitrary varieties. In particular, A dim X ∼ (X × X) is a ring. The category M ∼ (k) of (pure) motives with respect to ∼ is defined as follows [4] :
is a projector, and m an integer.
Morphisms are defined to be
and the composition of morphisms is induced by the composition law above. Denote by 1 the unit motive (k, id, 0) and by L i the Lefschetz motive (k, id, −i)
. We consider the following equivalence relations: rational, homological (for a fixed Weil cohomology theory) and numerical. For rational equivalence we have by definition A i rat (X) = CH i (X) Q . Consequently, we call motives for rational equivalence Chow motives. As rational equivalence implies homological equivalence implies numerical equivalence, we get functors
It is conjectured that homological equivalence agrees with numerical equivalence and in particular is independent of the chosen Weil cohomology theory. This would follow, for example, from the standard conjectures.
If k = F q is a finite field, then as a consequence of Deligne's proof of the Weil conjectures, the Kuenneth components of the diagonal are algebraic (for homological equivalence), and so there is a decomposition
We have the following theorems of Jannsen [4, Theorem 1, Corollary 2] Theorem 2.1. The category M num is a semi-simple abelian category. For every object X of this category, End num (X) is a finite dimensional semi-simple Q-algebra.
Corollary 2.2.
If the Kuenneth components of the diagonal are algebraic, the kernel of the surjective ring homomorphism
is the Jacobsen radical and is a nilpotent ideal.
2.2.
The Frobenius map. For a variety X over F q we denote by π X the geometric Frobenius map of X, i.e. the map which is the identity on the topological space and the q-th power map on its structure sheaf. We have the following proposition of Soulé:
In particular, we can (for an arbitrary adequate equivalence relation) define the Frobenius endomorphism π M for the motive M = (X, p, m) to be π X • p · q −m (the factor q −m is due to the fact that π L = q). Obviously, there is an inclusion
Proposition 2.4. If k = F q is a finite field, then for any simple motive M , the algebra Q[π M ] generated by π M in End num (M ) is a finite field extension of Q. Consequently, we can identify π M with an algebraic number up to conjugation by Gal(Q/Q).
Proof: By Jannsen's theorem, Q[π M ] is a commutative subalgebra of the finite dimensional Q-division algebra End(M ) num . 2 2.3. Tate's conjecture. Let X be a smooth projective variety over F q , letX = X × FqFq and Γ = Gal(F q /F q ). Consider the l-adic cycle map
By definition, its image is isomorphic to A r hom (X). Denote the Q l -subspace generated by the image by A r hom (X) · Q l . The strong form of Tate's conjecture is Conjecture 2.5. Let X be a smooth projective variety over F q . Then
This can be formulated in terms of the following conjectures, see Tate [14] :
• E : numerical and homological equivalence agree • I : the cycle map c r ⊗ Q l is injective • T : the cycle map c r ⊗ Q l is surjective • S : the eigenvalue 1 of the Frobenius endomorphism on H 2r (X, Q l (r)) has multiplicity 1 According to [14, Prop. 2.8], we get the following diagram of inequalities, where a letter indicates that the corresponding conjecture implies equality: 
Consequences of Tate's conjecture. Let W (q) be the set of Weil q-numbers, i.e. algebraic numbers π ∈Q such that there is an n with q n π an algebraic integer, and a w such that for all embeddings ρ : Q[π] − → C we have |ρπ| = q w/2 . In [10] , Milne gives a description of the category of motives over a finite field assuming Tate's conjecture. For example, the following statements are consequences of Tate's conjecture:
• [10, Cor. 1.16, Prop. 3.7] Theétale cohomology functor
is a fully faithful tensor functor to the category V l (F q ) of semi-simple, finite dimensional, continuous representations of Γ over Q l .
It identifies M num (F q ) ⊗ Q Q l with the full subcategory of V l (F q ) consisting of semi-simple representations such that the eigenvalues of ρ(F rob q ) are Weilq-numbers.
• [10, Prop. 1.17, Prop. 3.8] The crystalline cohomology functor
is a fully faithful tensor functor to the category V p (F q ) of semi-simple Fisocrystals over F q .
It identifies M num (F q ) ⊗ Q Q p with the full subcategory of isocrystals (M, F M ) such that π M acts semi-simply on M with eigenvalues that are Weilq-numbers.
otherwise.
• [10, Prop 2.6] There exists a bijection between the simple objects of the category M num and Weil-q-numbers up to conjugation:
2.5. Reformulation in terms of motives. Tate's conjecture amounts to an identity theorem for motives for numerical equivalence:
Theorem 2.7. The following statements are equivalent for a field F q : 1. Tate's conjecture holds for all smooth projective varieties over F q .
For simple motives
is the center of End(M ).
Proof:
The implications (i) ⇒ (ii) ⇒ (iii) and (i) ⇒ (iv) follow from the last section. (iii) ⇒ (i) Let X be a smooth projective variety, then by proposition 2.6 it suffices to show that the inequality
Γ is an equality. Decompose X = ⊕M i into simple motives in M num . As a consequence of corollary 2.2, one can lift orthogonal idempotents from End num (X) to orthogonal idempotents in End hom (X), and thus can defineétale cohomology groups of motives in M num up to non-unique isomorphism. This is not functorial, but the geometric Frobenius still acts on these groups because it is central in End hom (X). So we may assume that X is a simple motive. Assume the right hand side is nontrivial. Then the arithmetic Frobenius F rob q is trivial on some subspace of H 2i (X, Q l (i)). Consequently the geometric Frobenius π X acts like q i on the same subspace. But then by hypothesis
In this case both sides are one-dimensional. 
Algebraic cycles and rational K-theory
In this section, we recall some facts about K-theory. Then we give a criterion for rational and numerical equivalence to agree and show that this implies Parshin's conjecture [3, 12.2] . Parshin's conjecture in turn implies that rationally, Milnor and Quillen K-theory agree in characteristic p. From this we derive further corollaries.
3.1. Algebraic K-theory. Let K a (X) be Quillen's higher algebraic K-groups associated to the category of vector bundles on X. It is a contravariant functor on the category of schemes over a field. Similarly, let K a (X) be the K-groups associated to coherent sheaves. It is a covariant functor for projective morphisms and contravariant for flat morphisms.
For regular X, the groups K a (X) and K a (X) agree and we will tacitly identify them. This identification gives us a covariant and contravariant functoriality on the category of smooth projective schemes over a field. Let 
There are Adams operators ψ k acting naturally on the K-groups, and the rational K-groups decompose into eigenspaces for this operation:
Q for all k [12, Prop.5]. Adams operators for K a (X) are defined by choosing an embedding X into a smooth scheme M and using the identity K a (X) = K X a (M ) for K-theory with support in X [12] .
For Z a closed subscheme of codimension r of X with complement U , there is a localization sequence
It is a consequence of the Grothendieck-Riemann-Roch theorem that the Adams eigenspaces K a (X) (j)
Q factor through the category of Chow motives [11] . Proposition 3.1. [12, Prop.8.1] The map induced by the absolute Frobenius map on K-theory agrees with the Adams operator ψ p . Consequently, for X a scheme over F q , the geometric Frobenius of X acts like q j on K a (X)
Q . There is a fourth quadrant Gersten-Quillen spectral sequence induced by the coniveau filtration [12, Théorème 4]:
Let K a be the Zariski sheaf associated to the presheaf U → K a (U ). Then the E 2 -term of the spectral sequence is E st 2 = H s (X, K −t ). For example, there is a filtration of K 0 such that
which splits rationally, i.e.
Parshin's conjecture. In order to factor the Adams eigenspaces of K-theory through the category of motives for numerical equivalence, we need numerical and rational equivalence to agree. This is in fact a conjecture of Beilinson. For arbitrary base fields, it is still expected that there exists a separated filtration on Chow groups such that the graded pieces factor through numerical equivalence, see [5, Remark 4.5 b].
Proposition 3.2. Assume that Tate's conjecture holds, that Chow groups of smooth projective varieties over finite fields are finite dimensional, and that there is no Chow motive M with the following properties:
. M is trivial considered as a motive for numerical equivalence. Then rational and numerical equivalence over finite fields agree.
Proof:
We have to show that CH i (M ) Q = A i num (X) for any indecomposable Chow motive M . As the former group surjects onto the latter, we can assume
Q is finite dimensional by assumption, the subalgebra generated by the Frobenius endomorphism Q[π M ] is isomorphic to Q[t]/(f (t)) for some f . If f had two relatively prime factors P and Q, we could use the Chinese reminder theorem to find two polynomials R and S such that
Then R(π) + S(π) would be a decomposition of 1 into orthogonal central idempotents, contrary to the assumption that M is indecomposable. We conclude f = P n for some irreducible polynomial P . If P does not have a root q i , then 0 = P (π) Fix a summand L i of F (M ). As F is surjective on endomorphisms and End rat (L i ) = End num (L i ) = Q, the embedding and projection of L i lift to maps f and g in
Theorem 3.3. If Tate's conjecture holds and numerical and rational equivalence over finite fields agree, then for all smooth projective varieties X over F q and a > 0,
Proof: We show that the Adams eigenspaces K a (X)
Q vanish. Decompose X = ⊕M i into simple motives. According to our assumptions, we can decompose K a (X) (j) Q accordingly and thus assume that X = M is a simple motive with Frobenius π M . Let P M be the minimal polynomial of
Remark: Soulé uses a similar technique in [11] to prove unconditional results in cases where he can control the occurrence of the motivic factors L j . For example, he proves that K a (X) 
Proof: As K-theory (of rings) commutes with direct limits, we can write k = lim → k i with k i finitely generated and assume that k is finitely generated of transcendence degree r over F p .
According to de Jong [6, Remark 3.2] , there is a smooth projective variety X over F p such that the function field k(X) of X is a finite extension of k. Since the composition of the inclusion and the transfer map
is multiplication by the degree of the extension, we can assume k = k(X).
Consider the (rational) Gersten-Quillen spectral sequence for X:
It is a fourth quadrant spectral sequence with K a (k) Q = E 0,−a 1
and all E ∞ -terms vanish except on the diagonal because the higher rational K-groups of X vanish.
The only terms in the spectral sequence to which there can be differentials coming from E 0,−a 1 are subquotients of
We proceed by induction on trdeg k. Let a > trdeg k. The fields k(x) occurring in E s,−a−s+1 1 have smaller transcendence degree than k, so by induction hypothesis the groups
ii) We proceed by induction on a. We have K a (k) Remark: 1) The statement of the theorem is a conjecture of Beilinson [1, 8.3.3] and in greater generality by Kahn [7] . It was shown to be a consequence of Bass conjecture by Kahn [8] .
2) One should compare the result for global fields in characteristic p to the statement that for k a number field with r 1 real and r 2 complex embeddings we have
The following corollary gives a generalization of 3.3 to quasi-projective varieties over arbitrary fields of characteristic p: Corollary 3.5. Assume Parshin's conjecture and let X be a variety of dimension d over a field k of characteristic p with trdeg k/F p = r. Then
In particular K a (X) Q = 0 for a > d + r.
Proof: From the Gersten-Quillen spectral sequence for X, K a (X)
Q has a filtration such that the graded pieces are subquotients of E s,−s−a 1
From 3.4(ii) this is nonzero only for j − s = a, hence j ≥ a. 2
Remark: For non-proper schemes we cannot expect a bound which is independent of the dimension, because for example K a (A[t, t −1 ]) = K a (A) ⊕ K a−1 (A). However, one might expect that K a (X) Q = 0 for a > trdeg k and X a smooth projective variety over k.
Corollary 3.6. If Parshin's conjecture holds, the rational Gersten-Quillen spectral sequence degenerates at E 2 with split filtration for a smooth variety X over a field
Proof: On gets the degeneration of the spectral sequence and the splitting of the filtration in a standard way using Adams operators. 2
We have the following corollary for the homology of SL(k):
Corollary 3.7. Assume Parshin's conjecture and let k be a field of transcendence degree r over F q . Then
Furthermore, the outer automorphism of SL(k) acts like (−1) n on H n (SL(k), Q).
Proof: The first statement follows from theorem 3.4 and
for n ≥ 2. The second statement follows because the outer automorphism corresponds to the Adams operator ψ −1 , which is 1 on even Adams eigenspaces and −1 on odd Adams eigenspaces. As the generators in degree n of the homology of SL(k) come from K n , which is concentrated in degree n, we get the corollary. 
Relations to motivic cohomology
In this section, we explain how our results fit into the context of mixed motives. Higher rational K-groups are linked to this theory as they are expected to agree with motivic cohomology groups, b) If X has potential good reduction at every prime, then the above inequalities may be replaced by 2j − 2 = i − 1 ≤ 2 dim X.
Proof: By the localization sequence , the cokernel is contained in
where X p runs through the fibers of X Z at the primes p. a) By corollary 3.5, the terms K 2j−i−1 (X p ) (j−1) Q are trivial unless 0 ≤ 2j −i−1 ≤ j − 1 and j − 1 ≤ dim X.
b) By hypothesis, we can assume that the fibers X p are smooth and projective. Then by 3.3 we must have 2j − i − 1 = 0 and j − 1 ≤ dim X.
2
Example: Let X be smooth projective curve over a function field, then there are the following exact sequences
Q − → K 1 (X)
Q − → 0
Q − → K 0 (X)
Q − → 0.
The analogon to Beilinson's conjectures indicates that the first terms are zero and that K 2 (X) (2) Q is trivial if X has potential good reduction at every prime.
